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Numerical Simulation of Three-Dimensional Trailing Vortex
Evolution in Strati� ed Fluid

Robert E. Robins¤ and Donald P. Delisi†

Northwest Research Associates, Inc., Bellevue, Washington 98009-3027

Numerical solutions to the Navier–Stokes equations that depict the evolution of a trailing vortex pair descending
in strati� ed, incompressible � uid are presented. Both three-dimensionaland two-dimensionalresults are shown for
the Froude numbers 1, 2, 4, and 8 and in� nity. For three and two dimensions, the results indicate that strati� cation,
through generation of countersign vorticity, causes the separation between the vortices to decrease and, through
buoyancy forces, suppresses the vertical migration of the vortices. In three dimensions, Crow instability causes
the vortices eventually to link and to form rings when the Froude number is greater than or equal to 4, and the
rate at which the linking and ring formation occur is greater for higher strati� cation (lower Froude number). The
formation of rings is suppressed, however, for strati� cation so high that the Froude number is less than or equal
to 2.

Nomenclature
b0 = initial distance between vortices
Fr = Froude number, V0=Nb0

g = gravitationalacceleration
H = nondimensionaldescent distance, h=b0

h = dimensional descent distance
m = axial wave number of perturbation
N = Brunt–Väsäilä frequency of strati� ed � uid,

N 2 D ¡.g=½0/ d½=dz
Re = 00=º
r0 = radius of vortex cores
T = nondimensional time, t=T0

T0 = time for vortices to descend b0; b0=V0

t = dimensional time
u = axial � ow velocity component
V0 = initial descent speed of vortices, 00=2¼b0

v = cross-axial � ow velocity component
w = vertical � ow velocity component
x = axial coordinate
y = cross-axial coordinate
z = vertical coordinate
00 = initial circulation magnitude about each vortex, 2¼b0V0

± = initial peak-to-peakamplitude of sinusoidal instability
" = measure of numerical accuracy
µ.z/ = ambient potential temperature pro� le
µ0 = representativevalue of ambient potential temperature
º = kinematic viscosity
½.z/ = ambient density pro� le
½0 = representativevalue of ambient density

I. Introduction

S INCE 1970, the two-dimensional behavior of a trailing wake
vortex pair in strati� ed � uid has been the subject of numer-

ous studies. To cite a few of these, a numerical approach was
taken by Hill,1 Hecht et al.,2 ;3 Sarpkaya and Johnson,4 Robins and
Delisi,5 and Spalart,6 and analytical work was reported by Scorer
and Davenport,7 Saffman,8 and Crow.9 These studies resultedin two
distinctly different views of trailing vortex evolution in strati� ed
� uids. Spalart’s study supported the conclusionsof Scorer and Dav-
enport and of Crow, that the effect of strati� cation is to decrease the
separation between the vortices and cause an acceleration in their
vertical motion. Their conclusion was that vortices in a strati� ed
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� uid could migrate farther than identical vortices in a nonstrati� ed
� uid.The otherstudies led to theconclusionthat strati� cationcauses
a deceleration in the vertical motion of the vortices and, hence, a
decreased vertical migration compared with that in a nonstrati� ed
� uid.Availableobservationssuchas the two-dimensionallaboratory
studies of Tomassian,10 the three-dimensionallaboratory studies of
Sarpkaya11 and Neuhart et al.,12 the light aircraft data reported by
Tombach,13 and the widely used heuristic two-dimensional theory
of Greene,14 all supported the latter (deceleration) conclusion.This
duality in understandingwas discussed by Widnall.15

Recently, we have performed numerical simulations of three-
dimensional trailing vortex evolution in strati� ed � uids that show
that strati� cation initially causes the vortices to move together and
thatbuoyancyeffects,in combinationwith three-dimensionaleffects
such as Crow instability and linking, can prevent the sustained ver-
tical acceleration of the vortices. Our calculations were performed
for vortex Froude numbers of 1, 2, 4, and 8, which, for a B-747
in cruise con� guration, correspond to Brunt–Väisälä frequenciesof
approximately 0.04, 0.02, 0.01, and 0.005 rad/s, respectively. For
our calculations, d½=dz (and thus N ) is chosen to be constant with
height. Note, as is evident from recent measurements,16 that values
of N up to about 0.025 rad/s (corresponding to a potential temper-
ature lapse rate of 2±C per 100 m) are commonly observed in the
atmosphere.Based on evidencepresented by Spalart,17 we consider
a value of 0.04 to be a reasonable upper limit.

In previous work,18 we showed results from calculationswithout
strati� cation that agreedwith and extendedthe perturbationanalysis
of Crow.19 This agreement validated our code, and an updated (to
include strati� cation) version of that code has been used to produce
the resultspresentedherein.We will infer from the resultspresented
later that strati� cation accelerates the linking of three-dimensional
trailing vortices and suppresses their vertical migration. These re-
sults for three-dimensional trailing vortex evolution in a strati� ed
� uidclarifyandextendwhat has been learnedfrom two-dimensional
calculations.

In the following sections, we review our numerical approach
(Sec. II), present results (Sec. III), and draw conclusions (Sec. IV).

II. Numerical Approach
As in Ref. 18, we solve the three-dimensional Navier–Stokes

equations of motion. In this study, we include the effects of buoy-
ancy. To solve the equations of motion, we use highly accurate
� nite difference approximations for the spatial discretizations and
ensure incompressibility by using a two-phase projection method
to evolve the solution forward in time. A second-order Adams–

Bashforth method is used for the advection phase of the projection
method, and a fast Poisson solver is used for the projection phase.
Horizontal derivatives are computed using fast Fourier transforms,
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and a sixth-order compact scheme is used for vertical derivatives.
Horizontal boundary conditions are periodic, and “no surface”con-
ditions (vertical derivatives equal zero) are imposed at the top and
bottom of the computationaldomain. The two-thirds rule is used to
avoid aliasing errors, and Fourier and compact low-pass � lters are
used in the horizontal and vertical directions, respectively, to con-
trol the buildup of small-scale energy. Both the compact derivative
and the compact � lter schemes are based on the work of Lele.20

The computational domain is doubled in width or translated verti-
cally when migrating vortices approach the cross-axial or vertical
boundaries, respectively.

All calculations presented in the current study were initialized
by vortices formed from a superposition of many component vor-
tices, each having a different perturbation wavelength and phase.
Each component is a nearly parallel pair of counter-rotating vor-
tices, with axes perturbed sinusoidallyfrom parallel.We choose the
total peak-to-peak amplitude of each component to be 0:02b0 and
set the core radii of the vortices to be 0:16b0. The wavelength of
each componentdependson its wave number and the axial extentof
the computational domain. The energies of the various component
vortex pairs are chosen to scale as m¡5=3 , and the relative phases are
randomly selected. The circulations of the component vortices are
normalizedso that the circulationfor the composite trailingvortices
is the same as it would be if all of the circulation were assigned to
a single-componentvortex pair. Because of the random phases, the
peak-to-peak perturbation amplitude of the composite vortices is
only 0:008b0. Further details are available in Ref. 18.

Fig. 1 Normalized vertical migration distance H vs normalized time T
for two-dimensional and three-dimensional vortices for Fr = 1, 2, 4, 8,
and in� nity (N = 0). The dashed line represents H = T.

Fig. 2 Time variation of vorticity magnitude surfaces for Fr = 8, 4, 2, and in� nity (N = 0). Vorticity magnitude at the visualized surfaces is 20% of
the maximum value at the vortex cores.

For thecalculationspresentedherein,thevortexReynoldsnumber
was chosen suf� ciently large that viscous diffusion in the vortex
cores was minimal. At the same time, the Reynolds number was
chosen to be small enough to allow the time step required for a
stable calculation to be suf� ciently large that calculations could be
completedin a reasonableamountof time.The valueof theReynolds
number that we used was approximately3 £ 103, and the size of the
time step was such that therewere between400 and 500 stepsper T0.

The numerical accuracy of all computational results was moni-
tored by calculating the quantity " D SQRT.hDIV2i=hGRADSQi),
where DIV D @u=@x C @v=@y C @w=@z, GRADSQ D .@u=@x/2 C
.@v=@y/2 C.@w=@z/2, and hi indicatesan averageover the computa-
tional domain. The quantity " is a measure of the incompressibility
of computed � ows; the value of " for an incompressible� ow should
be zero. Our criterion for a calculation to be of acceptable accu-
racy was that the value of " at the conclusion of the calculation be
less than 0.01. This criterion was satis� ed for all computed � ows
presented next.

III. Results
We � rst present results for Fr D 1, 2, 4, 8, and in� nity .N D 0/,

which show the effect of strati� cation on the vertical migration of
trailing vortices. We will then examine these cases in more detail
and discuss the importance of three-dimensionaleffects.

Figure 1 shows H vs T for Fr D 1, 2, 4, 8, and in� nity, where
H is the vertical descent of the vortices normalized by b0 and T is
time normalizedby T0 . The open symbolsdenote three-dimensional
results. We also ran the code with single-component, unperturbed
initial vortices having a limited axial extent equal to 0.625b0 . These
results are labeled2-D and are shown by the solid symbols in Fig. 1.
The following discussion pertains to the three-dimensional results
except where the two-dimensional results are explicitly mentioned.
The axial extent of the computational domain in each case is 20b0,
and the axial wave numbers of the componentvortices range from 2
to 16. The cross-axial extent is 10b0 , and the vertical extent varies,
being larger for higherFroude numbers. The numbers of grid points
in each case are 256 and 128 for the axial and cross-axialdirections,
and the vertical grid spacing is chosen to approximately match the
resolution in the horizontal directions.Because the evolution of the
vortices is three dimensional, the value of H for each T varies along
the axial extent of the computationaldomain. The H values plotted
in Fig. 1 are the average of the maximum and minimum heights of
the vortex cores.

Figure 1 shows, for Fr D 1, 2, 4, and 8, that three-dimensionaland
two-dimensional vortices migrate vertically and eventually reach a
point of maximum migration. Buoyancy forces arrest the vertical
motion of the vortices and cause them to lose their identity after the
last point plotted for these cases. For the N D 0 case, the vortices
continueto migrate as vortex ringsbeyondthe last point plotted. It is
clear from Fig. 1 that, as strati� cation increases (Froude number de-
creases), the maximum verticalmigration of the vortices decreases.
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Fig. 3 Minimum vortex separation, normalized by the initial sepa-
ration, vs normalized time for two-dimensional and three-dimensional
vortices for Fr = 1, 2, 4, 8, and in� nity (N = 0).

Fig. 4 Ratio of maximum generated countersign vorticity to maxi-
mum core vorticity vs normalized time for two-dimensional and three-
dimensional vortices for Fr = 1, 2, 4, and 8.

Note that the two-dimensional vortices always migrate farther than
the three-dimensional vortices for the same Froude number. This
larger suppression of vertical migration for three-dimensional vor-
tices than for two-dimensionalvorticesoccurseven for the strongest
strati� cations (Froude numbers of 1 and 2).

The effect of strati� cation on the three-dimensionalevolution of
trailing vortices can be qualitativelyseen from Fig. 2, which shows
the time variation of surfaces of constant vorticity magnitude for
N D 0 and Fr D 8, 4, and 2. Vorticity magnitude at the visualized
surfaces is 20% of the maximum value at the vortex cores. In each
case, the � rst resultshownis for T D 4. Subsequentresultsare shown
every two time units until the vortices link and form rings. For
Fr D 2, the strati� cation is strong enough to suppress the formation
of rings, causing instead the development of structures that we call
puffs. It is clear that increasing strati� cation (decreasing Froude
number) acceleratesthe vortices’linking and the formationof rings.
The case Fr D 1 is not shown because, by T D 4, buoyancy effects
haveessentiallyhaltedthevortices’migrationandevolution.Further
discussion of the Fr D 1 case appears at the end of this section.

By comparing Fig. 2 with Fig. 1 for a particular Froude number,
we can see that the time at which rings or puffs form (for Fr ¸ 2/
corresponds to the time when the descent of the three-dimensional
vortices starts to lag the descent of the two-dimensional vortices.
For example, we see from Fig. 2 that rings are formed by T D 12
for Fr D 8, and Fig. 1 shows the three-dimensional H vs T plot
for Fr D 8 falling below the two-dimensional plot for Fr D 8 by
T D 14. Similar comparisons can be made for the other Fr ¸ 2.

Fig. 5 Normalized peak-to-peak perturbation amplitude vs normal-
ized time for Fr = 1, 2, 4, 8, and in� nity (N = 0).

Fig. 6 Contour plots at T = 6, 7, and 8, of density (top) and vorticity
(bottom) in the cross-axial vertical plane located at the axial position of
the leftmost puff appearing in Fig. 2 for Fr = 2 at T = 8. The horizontal
arrow indicates the starting height of the vortices. The distance between
tick marks on the contour plots represents b0 .

Thus, it can be concludedthat, once the three-dimensionalrings are
formed, they travelverticallymore slowly than the two-dimensional
vortices for the same Froude number.

The acceleration of linking for increased strati� cation observed
in Fig. 2 is quanti� ed in Fig. 3. Here we show minimum vortex sep-
aration vs time, until near linking, for the vortices in Fig. 2. The case
Fr D 1 is included on the plot, as well as separationsobtained from
the two-dimensional simulations. It is clear that increased strati-
� cation results in a more rapid reduction in the minimum vortex
spacing. It is also evident that, for a � xed Froude number, the reduc-
tion is greater for threedimensions than for two dimensionsand that
the difference between the three-dimensionaland two-dimensional
reduction increases as time increases.

Two mechanisms are contributing to these effects. It is known
from two-dimensional studies that countersign vorticity generated
during the vortices’evolutionwill force the vortices closer together,
e.g., see Refs. 5 and 6. We also know that Crow instability will
perturb the vortices and move portions of the vortices closer to-
gether.InFigs. 4 and 5, we showhow thesemechanismsare affected
by changes in strati� cation.

In Fig. 4, we show the effect of strati� cation on the relative
strength of the generated countersignvorticity for two-dimensional
and three-dimensional � ows. We represent the relative strength of
countersignvorticityas the ratio ofmaximumgeneratedcountersign
vorticity to maximum vorticity in the vortex cores. Figure 4 shows
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plots of this ratio vs time, until the vorticeslink, for two-dimensional
and three-dimensionalsimulations. For the three-dimensionalcase,
the ratio is computed in a vertical plane located at the axial position
where the vorticeshave moved closest to each other. We see that the
ratio increases for increasingstrati� cation (decreasingFroude num-
ber) and that it tends to be somewhat greater for three dimensions
than for two dimensions. Clearly, the strati� cation effect is stronger
than the three-dimensionaleffect.

In Fig. 5, we show the effect of strati� cation on perturbation
growth in three-dimensional � ows. Figure 5 shows peak-to-peak
perturbationamplitudevs time, until the vortices link, for the Froude
numbers 1, 2, 4, 8, and in� nity. The amplitude is evaluated as the
maximumhorizontalpeak-to-peakamplitudefor the core of a single
vortex. We see that the perturbation amplitude increases strongly
with time and that the amplitude growth is only modestly enhanced
by increasing strati� cation.

Fig. 7 Contour plot of density in a vertical plane midway between
the cores of the vortices at T = 7 for the Fr = 2 case. The vertical
arrows indicate the axial locations where puffs have started to form.
The distance between tick marks on the contour plots represents b0 .

Fig. 8 Vertical pro� les of horizontally averaged kinetic energy (KE) and potential energy (PE) for Fr = 2 at normalized times T = 0, 2, 4, 6, 8, and
10. The arrows indicate vertical positions of the vortices based on data from Fig. 1.

Going back to Fig. 3, we see that for times less than or equal to
T D 4 the strati� cation effect dominates the three-dimensional ef-
fect, but for times greater than or equal to T D 6, the three-
dimensional effect becomes more signi� cant. If we compare
Figs. 4 and 5 with Fig. 3, we see that the dominance of strati� -
cation effects shown in Fig. 4 for T · 4 is well correlated with
the dominant strati� cation effects for early times in Fig. 3. Also,
the dominance of three-dimensionaleffects in Fig. 5 for later times
(larger perturbation amplitude) is well correlated with the three-
dimensional vs two-dimensional differences seen for later times in
Fig. 3. We thus infer that strati� cation, manifested through coun-
tersign vorticity generation, governs the initial three-dimensional
vortex evolutionand that perturbationgrowth is the dominant factor
in the later stages of three-dimensionalvortex evolution.

Returning to Fig. 2, we note that vortex evolution for N D 0 and
Fr D 8 and 4 is qualitativelysimilar in that the vorticeslinkand rings
are formed. For Fr D 2, however, ring formation is suppressed and
puffs are formed. It turns out, as we will explain, that axial density
gradients play an important role in this phenomenon.

We focuson times T D 6, 7, and 8 for Fr D 2. We � rst refer backto
Fig. 2, where we see at T D 6 that the vortices for Fr D 2 are about
to link. Their appearance is qualitatively similar to the vortices at
T D 8 for Fr D 4 and 8 and to the vortices at T D 10 for N D 0, all
of which are also about to link. Note, however, that the perturbation
amplitudes in the Fr D 2 case are smaller than the perturbation
amplitudes for the other cases at the times just mentioned.

At T D 8 for Fr D 2 in Fig. 2, we see vertical vorticity structures
above the linked regions, connected to cross-axially extruded, axi-
ally compressed puffs. Details for one of these complex regions are
shown in Fig. 6. Here we show contour plots at T D 6, 7, and 8 of
density (top) and axial vorticity (bottom) in the cross-axial vertical
plane that is located at the axial position of the leftmost puff for
Fr D 2 at T D 8 in Fig. 2. The horizontal arrow in Fig. 6 shows
the original generation level of the vortices. Figure 6 shows that
light � uid has been entrained into bubbles and carried downward
by the vortices. Buoyancy forces act to return the light � uid to its
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original level, but Figs. 2 and 6 show that, rather than rising, the
� uid appears to move cross axially.

To explain this, we look at Fig. 7, which shows the density � eld
in a vertical plane midway between the cores of the two vortices at
T D 7 for the Fr D 2 case. Downward-pointingarrows indicate the
axial locationswhere puffs have started to form. The leftmost arrow
is at the location of Fig. 6. On either side of the arrows, it can be
seen that there are density gradients pointing toward the axial loca-
tions of the forming puffs but above the forming puffs themselves.
These oppositely directed, axial density gradients prevent the light
� uid, which has been carried downward, from returning to its orig-
inal position. Instead, circulations are created that steer the rising
� uid in a cross-axial direction, giving rise to the structures seen in
Figs. 2 and 6.

Another view of the Fr D 2 case appears in Fig. 8, which shows
vertical pro� les of horizontally averaged kinetic energy (KE) and
potential energy (PE) at T D 0, 2, 4, 6, 8, and 10 for the three-
dimensionalFr D 2 simulation. The arrow in each plot denotes the
vertical position of the descending vortices in correspondencewith
the three-dimensionalFr D 2 case in Fig. 1. The z=b0 values shown
at each arrow are obtained by subtracting the appropriate H value
in Fig. 1 from the starting height z=b0 D 9:5. Note that by T D 8
there is a peak in PE but very little KE at the level at which the
puffs have formed. This means that, although we observe structure
in the puff regions shown in Fig. 6 for T D 8, there is very little
kinetic energy at the depth of the puffs. By T D 10, there is almost
no energy associated with the remaining lower-level vorticity.

One other noteworthy feature in Fig. 7 is the small-scale oscilla-
tion (wavelength on the order of b0) in the density � eld at the top
of the plot. This oscillation is indicative of a small-scale instabil-
ity that becomes more pronounced as strati� cation increases. (See
Ref. 21, where laboratory observations and numerical simulations
of this instability are reported for Fr D 1.)

Note that the Fr D 1 case is quite different from the other cases
we havepresented.Because thebuoyancytimescale(typically¼=N )
for Fr D 1 is much shorter than the linking timescale (typically
6b0=V0 D 6=N ), linking never occurs. Thus, the puffs observed in
the Fr D 2 case are not observed when Fr D 1. Instead the light
� uid that has been carried downward returns to its original level.
In addition, small-scale instabilities (referred to earlier) disrupt any
remaining axial coherence.

IV. Concluding Remarks
Our numerical simulations have shown that strati� cation effects

on three-dimensional trailing vortex evolution bear some resem-
blance to the two-dimensional case but also show important differ-
ences. As in the two-dimensional case, the vortices descend, coun-
tersign vorticity is generated,and the minimum separationbetween
the vortices is decreased. However, in the three-dimensional case,
perturbationgrowth due to Crow instabilitycombines with counter-
sign vorticity generation to accelerate the coming together of other
portions of the vortices.

We have also shown that the three-dimensional simulations ex-
hibit phenomena that do not exist in two dimensions. For zero to
weak to moderate strati� cation, three-dimensionalvortices link and
form rings, and for suf� ciently strong strati� cation, axial gradients
are formed that alter the buoyancy dynamics of the � ow, result-
ing in the formation of three-dimensional structures that we have
termed puffs. As strati� cation is increased in the three-dimensional
case, we see an acceleration in linking and the formation of rings.
This acceleration is caused initially by countersignvorticity effects
and later by perturbation growth due to Crow instability. Indeed,
the strati� cation and the Crow instabilityworking togetherproduce
an effect signi� cantly greater than the Crow instability on its own.
We can see this in the three-dimensionalsimulations by noting that
at T D 6 the difference in minimum separation (due to strati� cation
and Crow instability) between the N D 0 and Fr D 4 cases is >0:3b0
(seeFig. 3), whereasthe differencein perturbationamplitude(which
is due to Crow instabilityalone) for the same Froude numbers at the

same time is <0:05b0 (see Fig. 5). An important consequenceof the
formation of rings or puffs is that, once these structuresare formed,
the descent of the three-dimensionalvertices lags the descent of the
two-dimensionalvertices for the same Froude number.

Finally, we mention that our previous results have shown that
vortex linking will be acceleratedby tighter vortex cores and larger
initial perturbations, e.g., from strong ambient turbulence, and de-
celerated by broader cores and smaller initial perturbations. Thus,
the phenomena that we have associated with certain Froude num-
bers could occur for somewhat lower or higher Froude numbers,
depending on the details of the trailing vortex generation.
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